Abstract. Let G = Spec A be an affine functor of monoids. We prove that A * is the enveloping functor of algebras of G and that the category of Gmodules is equivalent to the category of A * -modules. Moreover, we prove that the category of affine functors of monoids is anti-equivalent to the category of functors of affine bialgebras. Applications of these results include Cartier duality, neutral Tannakian duality for affine group schemes and the equivalence between formal groups and Lie algebras in characteristic zero.
Introduction
Let K be a field and A a finite K-bialgebra (that is, A is a finite K-algebra endowed with a coproduct, c : A → A ⊗ A and a counit, e : A → K, that are morphisms of algebras and satisfy standard axioms). It is easy to see that the K-linear dual A * := Hom K (A, K) is again a bialgebra such that A * * = A. In the literature, there have been many attempts to extend this well-behaved duality to non finite bialgebras (see [14] and references therein). One of them, for example, associates to each bialgebra A over a field K the so-called dual bialgebra A
• (see 2.10). Another one associates to each bialgebra A over a pseudocompact ring R the bialgebra A * endowed with a certain topology (see [9, Exposé VII B 2.2.1]). In Section 2, we show how the language of functors allows to extend the duality of finite bialgebras to arbitrary bialgebras 1 over rings, without providing them with a topology.
Let R be a commutative ring. All functors considered in this paper are functors defined over the category of commutative R-algebras. Given an R-module M , we denote by M the functor M(S) := M ⊗ R S. If M and N are functors of R-modules, then Hom R (M, N) will denote the functor of R-modules
where M |S is the functor M restricted to the category of commutative S-algebras. We write M * := Hom R (M, R) and say that this is a dual functor. The reflexivity theorem ([2, 1.10]): M * * = M is a fundamental result, for what has been mentioned in the first paragraph. We say that M * is a module scheme. Moreover, if A * := M * is a functor of algebras we say that A * is an algebra scheme.
Date: June, 2009. 1 All the results proved for bialgebras can be extended to Hopf algebras without difficulties.
We say that an algebra scheme A * is a bialgebra scheme if A is a functor of algebras and the dual morphisms of the multiplication and unit morphisms are morphisms of functor of algebras.
Theorem 1. The functors A
A * , A * A * * (R) = A(R) establish an antiequivalence between the category of bialgebras and the category of bialgebra schemes.
Given a functor of commutative R-algebras A, let Spec A be the functor:
Spec A(S) := Hom R−alg (A, S).
In case X = Spec A is an affine R-scheme and X · stands for its functor of points (X · (S) := Hom R−alg (A, S)), then X · = Spec A. If A * is a commutative algebra scheme and A is a projective R-module we say that Spec A * is a formal scheme. In 3.9, we prove that formal schemes are direct limit of finite R-schemes.
Let X be a functor of sets and A X := Hom(X, R). We say that X is an affine functor if X = Spec A X and A X is reflexive, in this case, A X is said to be affine. We prove that affine monoid schemes, formal monoids, the completion of an affine monoid scheme along a closed submonoid and the monoids End R M of linear endomorphisms of a free R-module M (of infinite rank), are affine functors of monoids. We say that a functor of affine algebras A X is a functor of affine bialgebras if A * X is a functor of algebras and the dual morphisms of the multiplication and unit morphisms are morphisms of functors of algebras. We prove the following theorem (see 5.3).
Theorem 2. The category of affine functors of monoids is anti-equivalent to the category of functors of affine bialgebras.
In particular, the category of formal monoids is anti-equivalent to the category of commutative bialgebra schemes (see 5.4) .
It is well-known that, for a finite monoid G, the category of R-linear representations of G is equivalent to the category of RG-modules. In [2, 5.4] we extended this result to affine group schemes. Now, let G be a functor of monoids, such that A G is reflexive and let G → A
Preliminary results
Let R be a commutative ring (associative with unit). All functors considered in this paper are covariant functors over the category of commutative R-algebras (associative with unit). A functor X is said to be a functor of sets (monoids, etc.) if X is a functor from the category of commutative R-algebras to the category of sets (monoids, etc.).
Let R be the functor of rings defined by R(S) := S, for all commutative Ralgebras S. A functor of commutative groups M is said to be a functor of R-modules if we have a morphism of functors of sets R×M → M, so that M(S) is an S-module, for every commutative R-algebra S. A functor of algebras (with unit), A, is said to be a functor of R-algebras if we have a morphism of functors of algebras R → A (and S commutes with all the elements of A(S), for every commutative R-algebra S).
If M and N are functors of R-modules, we will denote by Hom R (M, N) the functor of R-modules Given an R-module M , the functor of R-modules M defined by M(S) := M ⊗ R S is called a quasi-coherent R-module. If M is a R-module of finite type then M is called a coherent R-module. The functors M M, M M(R) = M establish an equivalence between the category of R-modules and the category of quasi-coherent R-modules ( [2, 1.12] ). In particular, Hom R (M, M ′ ) = Hom R (M, M ′ ). The notion of quasi-coherent R-module is stable by ring base change R → S, that is, M |S is equal to the quasi-coherent S-module associated to the S-module M ⊗ R S. For any pair of R-modules M and N , the quasi-coherent module associated to M ⊗ R N is M ⊗ R N . Remark 1.1. Tensor products, direct limits, inverse limits, etc., of functors of R-modules are regarded in the category of functors of R-modules (unless stated otherwise). 
In the category of functor of R-modules, inverse limits lim
* of module schemes are module schemes and
We will say that a functor of R-modules M is reflexive if M = M * * . Example 1.3. Quasi-coherent modules and module schemes are reflexive functors of R-modules.
Remark 1.4. For simplicity, given a functor of sets X, we sometimes use x ∈ X to denote x ∈ X(S). Given x ∈ X(S) and a morphism of R-algebras S → S ′ , we still denote by x its image by the morphism X(S) → X(S ′ ).
Firstly, let us prove that the morphism
M/M n → N induced by f factors through M/M n , for some n ∈ N: suppose that, for every n, there exists an element s n = i≥n m i ∈ lim
such that f R (s n ) = 0. The morphism g : n∈N R → N , g((a n ) n ) := f ( n a n · s n ) satisfies that g |R = 0 for every factor R ⊂ n R and this contradicts the fact that
Next, let us check that the induced morphism f S : lim
and i∈I M i is a reflexive functor of R-modules. Proof. Obviously,
Let f ∈ Hom R ( i∈I M i , N ). If there exist a infinite set of J ⊂ I such that f |Mj = 0 for every j ∈ J, then we can construct a morphism g : N R → N such that g |R = 0 for every factor R ⊂ N R, which contradicts the equation
Now, let us assume that f |⊕i∈I Mi = 0 and let us prove that f = 0. Given
is not null and g |⊕iR = 0, which contradicts the equation Hom R ( I R, N ) = ⊕ I Hom R (R, N ). Definition 1.7. A functor of R-modules M is said to be dual if there exists a functor of R-modules N such that M ≃ N * .
Proposition 1.8. If M * is a dual functor of R-modules and N is a functor of R-modules, then Hom R (N, M * ) is a dual functor of R-modules.
For example, End R M is a dual functor of R-modules (and a functor of algebras).
Proposition 1.9. Let M be a functor of R-modules such that M * is a reflexive functor. The closure of dual functors of R-modules of M is M * * , that is, it holds the functorial equality
for every dual functor of R-modules N.
Proof. Let us write N = T * , then
In particular, the closure of dual functors of R-modules of
Therefore, if⊗ stands for the tensor product in the category of dual functors of R-modules, then we can write
Definition 1.10. We will say that a quasi-coherent R-module A is a quasi-coherent algebra if A is a functor of R-algebras. We will say that an R-module scheme A * is an algebra scheme if A * is a functor of R-algebras.
Again, the category of R-algebras is equivalent to the category of quasi-coherent R-algebras.
An 
Analogously, the natural morphism
is injective, because if P and Q are projective R-modules, then:
Therefore, the first diagram is commutative if the second is:
h is the dual morphism of a certain linear morphism B → A} Proposition 1.12. Let A be a functor of R-algebras such that A * is a reflexive functor of R-modules. The closure of dual functors of R-algebras of A is A * * , that is, it holds the functorial equality
for every dual functor of R-algebras B.
Proof. Let us observe that
Therefore, given a dual functor of R-modules M * ,
If we consider M * = A * * , it follows easily that the algebra structure of A defines an algebra structure on A * * . Finally, if we consider M * = B, we obtain that Hom R−alg (A, B) = Hom R−alg (A * * , B). Remark 1.13. Let us observe that if A is a functor of commutative algebras, then so is A * * : since 
a morphism of functor of algebras and now it is easy to conclude the theorem.
Bialgebra schemes
Definition 2.1. An R-algebra A is said to be a bialgebra if it is a coalgebra (with counit) and the coproduct morphism c : A → A ⊗ R A and the counit e : A → R are morphisms of R-algebras. A quasi-coherent R-module A is said to be a quasicoherent bialgebra if it is a functor of R-bialgebras.
Again, the category of R-bialgebras is equivalent to the category of quasi-coherent R-bialgebras. Definition 2.2. An R-algebra scheme A * is said to be a bialgebra scheme if A is a functor of R-algebras such that the dual morphisms of the multiplication morphism A ⊗ A → A and the unit R → A are morphisms of functors of R-algebras.
If A * and B * are bialgebra schemes, then a morphism of functor of R-algebras f : A * → B * is said to be a morphism of bialgebras if the dual morphism f * : B → A is a morphism of functors of R-algebras. Proof. Let {A, m, c} be a bialgebra. {A, m} is a quasi-coherent R-algebra. Since
the coproduct c on A defines a product c * on A * . Let us only check that the dual morphism of m, m * : A * ⊗ A * → A * , is a morphism of functors of R-algebras. As the coproduct c in A is a morphism of Ralgebras, we have the commutative square:
Taking duals, we obtain the commutative square:
which says that m * is a morphism of R-algebras schemes.
In [10, Ch. I, §2, 13], Dieudonné proves the anti-equivalence between the category of commutative K-bialgebras and the category of linearly compact cocommutative K-bialgebras (where K is a field).
Remark 2.4. Likewise, A is a bialgebra if and only if A and A * are functors of algebras and the dual morphisms of the multipication morphism A * ⊗ A * → A * and unit morphism R → A * are morphisms of functors of R-algebras.
We define
Corollary 2.5. Let A be an R-bialgebra and B * a bialgebra scheme. Then:
Remark 2.6. Let A * be an algebra scheme. It is easy to check that A * is a bialgebra scheme if and only if there exists a "coproduct" morphism c : A * → A * ⊗ A * and a "counity" e : A * → R satisfying the standard properties. Moreover, f :
is a morphism of bialgebra schemes if and only if it is a morphism of functors of algebras and the diagrams:
For the rest of the section, let us assume that R = K is a field. By Corollary [2, 2.13], if A is a reflexive functor of K-modules and V is a Kmodule, then the image of any K-linear morphism A → V is a quasi-coherent submodule of V. In this section, from now on, A, A ′ will be functors of K-algebras such that the image of any morphism of functor of algebras on any quasi-coherent algebra is a quasi-coherent algebra. By [2, 5.9] ,Ã := lim
A/I i , where {I i } i is the set of bilateral ideal subfunctors of A such that A/I i is a coherent k-vector space, is the algebra scheme closure of A.
Proposition 2.7. Let A and A ′ be two functors of K-algebras. Then:
with the obvious notations.
The following theorem is immediate.
Theorem 2.8. Let A be a bialgebra. ThenÃ is a bialgebra scheme and
for every bialgebra scheme C * .
Corollary 2.9. Let A be a K-bialgebra and let B * be a bialgebra scheme. Then
Proof. It holds
Remark 2.10. The bialgebra A • := Hom R (Ã, R) is sometimes known as the "dual bialgebra" of A and Corollary 2.9 says (dually) that the functor assigning to each bialgebra its dual bialgebra is autoadjoint (see [1, 3.5] ).
Definition 2.11. The K-vector space of finite support distributions of A, that we shall denote by D A , is the vector subspace D A ⊆ A * (K) consisting of linear 1-forms of A that are anihilate some bilateral ideal of A whose cokernel is a coherent K-vector space.
for every bialgebra B. By Corollary 2.9 and Theorem 2.3,
(compare this with [1, 3.5] ).
Spectrum of a functor of commutative algebras
Let X = Spec A be an affine R-scheme and let X · be the functor of points of X; i.e., X · is the functor of sets
For any other affine scheme Y = Spec B, Yoneda's lemma proves that
Definition 3.1. Given a functor of commutative R-algebras A, the functor Spec A, "spectrum of A", is defined to be
for every commutative R-algebra S.
Proposition 3.2. Let A be a functor of commutative algebras. Then,
Proof. By the adjoint functor formula ([2, 1.15]) (restricted to the morphisms of algebras) it holds that
Notation 3.3. Given a functor of sets X, the functor A X := Hom(X, R) is said to be the functor of functions of X.
Proposition 3.4. Let X be a functor of sets. Then
for every functor of commutative algebras, B.
It is easy to check that f = f * * and φ = φ * * .
Example 3.5. If A is a commutative R-algebra, then Spec A = (Spec A) · and A Spec A = A, which is a reflexive R-module.
If R = K is a field and X is a noetherian K-scheme, then the functor of functions of X · is a quasi-coherent R-module. Hence, X · is a functor of sets with a reflexive functor of functions.
Example 3.6. Let A be a commutative R-algebra and I ⊂ A an ideal. Let
n . We will say that SpecÂ is the completion of Spec A along the closed set Spec A/I. By Proposition 1.5,Â is a reflexive functor of R-modules,
Hom R−alg (A/I n , C) and
Let B be a commutative R-algebra, J ⊂ B an ideal andB = lim
Definition 3.7. We say that Spec A * is a formal scheme if A * is a commutative algebra scheme such that (unless stated otherwise) A is a projective R-module. If Spec A * is a functor of monoids we will say that it is a formal monoid.
The direct product Spec A * × Spec B * = Spec(A * ⊗ B * ) of formal schemes is a formal scheme.
Example 3.8. Let X be a set. Let us consider the discrete topology on X. Let X be the functor, which will be called the constant functor X, defined by
for every commutative R-algebra S. If Spec S is connected then X(S) = X.
Let A X be the functor of algebras defined by
* is a commutative algebra scheme. X is a formal scheme because Spec A X = X:
where A i are the coherent algebras that are quotients of A * . It holds that
Proof. By [2, 4.5], every morphism of functors of R-algebras A * → B factors through a coherent algebra A i that is a quotient of A * . Then,
If R is a field, Demazure ([8] ) defines a formal scheme as a functor (over the R-finite dimensional rings) which is a direct limit of finite R-schemes. Theorem 3.10. Let {A * i } i∈I be a projective system of commutative algebra schemes.
Proof.
Proof. It holds that Hom((Spec A) · , M) = M(A) for every functor M, by Yoneda's lemma. Then:
Definition 3.12. We will say that a functor of sets X is affine if X = Spec A X and A X is reflexive. We will say that A X is a functor of (commutative) affine algebras if X is affine, that is, if A X is the functor of functions of an affine functor of sets.
Corollary 3.13. Affine schemes, formal schemes and the completion of an affine scheme along a closed set are affine functors.
Proof. See Theorem 3.9 and Example 3.6, and apply Proposition 3.11.
Proposition 3.14. Let {V i } i∈I be a set of free R-modules. Then X = i∈I V i is an affine functor.
Proof. Let {e ij } j∈Ii be a basis of V i , for each i ∈ I. Let J i be the set of finite subsets of I i and J = i∈I J i . Given
n is a subset of the set of infinite linear combinations of monomials of degree n, in the variables
there exists an obvious section of the morphism π β : lim
, the mor-
..,βr R. Then, there exists α such that f (s) = f (π α (s)). If f does not factor through the projection π α :
and so on. The morphism g :
, N ) and we obtain the Equation 4. Now
Enveloping functor of algebras of a functors of monoids
Let R be a commutative ring and X a functor of sets. Let RX be the functor of R-modules defined by Proof. It holds that
Let G be a functor of monoids. RG is obviously a functor of R-algebras. Given a functor of R-algebras B, it is easy to check the equality Hom mon (G, B) = Hom R−alg (RG, B).
The closure of dual functors of algebras of G is equal to the closure of dual functors of algebras of RG. Proof. Let V be an R-module. Let us observe that End R (V) = (V * ⊗ V) * is a dual functor. Therefore,
In conclusion, endowing V with a structure of G-module is equivalent to endowing V with a structure of A * G -module. Let us also observe that Hom(G, V) = Hom R (A *
Remark that the structure of functor of algebras of A * G is the only one that makes the morphism G → A * G a morphism of functors of monoids. Let K be a field and let A be a K-algebra. A → B is a finite dimensional quotient K-algebra if and only if B * ֒→ A * is a finite dimensional left and right A-submodule. Then D A := lim 
such that r · (p α,n,m (x)) α,n,m = (x r · p α,n,m (x)) α,n,m .
Affine functors of monoids and functors of affine bialgebras
Affine functors of monoids are affine functors which are functors of monoids. Affine R-monoid schemes, formal monoids, the completion of an affine monoid scheme along a closed submonoid scheme, End R V (V being a free R-module) are examples of affine functors of monoids, by 3.13 and 3.14. 
Then we can define a morphism e : R → A * G . It is easy to check that {A * G , m, e} is a functor of R-algebras. Moreover, the dual morphisms of the multiplication morphism m and the unit morphism e are the natural morphisms A G → A G×G and A G e → R, which are morphisms of R-algebras. Conversely, let A X be a functor of affine algebras. Assume that A * X is a functor of R-algebras, such that the dual morphisms m * and e * , of the multiplication morphism m : A * X ⊗ A * X → A * X and the unit morphism e : R → A * X are morphisms of R-algebras. Given a point (x, x ′ ) ∈ X×X ⊂ Hom R−alg (A X×X , R) then (x, x ′ )•m * ∈ Hom R−alg (A X , R) = X and we have the commutative diagram
Obviously e ∈ Hom R−alg (A X , R) = X. It is easy to check that {X, m, e} is a functor of monoids. Let G and G ′ be affine functors of monoids. Then,
Let h : G → G ′ be a morphism of functors of monoids. The composition morphism of h with the natural morphism
The dual morphism A G ′ → A G is the morphism induced by h between the functors of functions. Inversely, let f : A G ′ → A G be a morphism of functors of R-algebras, such that f * is also a morphism of functors of R-algebras. Theorem 5.4. The category of commutative bialgebras schemes A * is anti-equivalent to the category of formal monoids Spec A * (we assume the R-modules A are projective).
Proposition 5.5. Let R be a field and Spec B * be a formal monoid. Then,
for every affine monoid scheme Spec A.
Proof. It is a consequence of the equalities
Tannakian Categories
In this section we use Theorem 4.3 to derive the so called Tannaka's theorem (see [5] and references therein for the standard treatment).
Let K be a field. Definition 6.1. A neutralized K-linear category (C, ω) is an abelian category C together with a "fibre" functor ω : C Vect K into the category of finite dimensional K-vector spaces such that ω is exact, additive and for every M, M ′ ∈ Ob(C),
is a K-linear vector subspace.
A K-linear morphism between neutralized K-linear categories F : (C, ω) → (C,ω) is an additive functor F : C C such thatω • F = ω. We will write Hom K (C, C) to denote the family of these morphisms. Example 6.2. Let A be finite a K-algebra. The category Mod A of finitely generated modules over A together with the forgetful functor is a neutralized K-linear category.
Recall also that morphisms of K-algebras A → B correspond to K-linear morphisms Mod B → Mod A .
If (C, ω) is a neutralized K-linear category and X ∈ Ob C is an object, we will denote by X the full subcategory of C whose objects are (isomorphic to) quotients of subobjects of finite direct sums X ⊕ . . . ⊕ X.
By standard arguments, it can be proved the following:
There exists a (weak) equivalence of neutralized K-linear categories X ≃ Mod AX , where A X is a finite K-algebra unique up to isomorphisms. Moreover, every K-linear morphism F : X X induces a unique morphism of K-algebras f : AX → A X .
A neutralized K-linear category (C, ω) is said to admit a set of generators if there exists a filtering set I of objects in C such that: C = lim → X∈I
X .
In this case, a standard argument passing to the limit allows to prove:
where A * is the scheme of algebras A * := lim
Moreover, every K-linear morphism F : (C, ω) (C,ω) induces a unique morphism of K-algebra schemes f :Ā * → A * .
Definition 6.4.
A tensor product on a neutralized K-linear category (C, ω) is a bilinear functor ⊗ : C × C C that fits into the square:
(where the symbol ⊗ K denotes the standard tensor product on vector spaces) and satisfies: a) Associativity and commutativity. b) Unity. There exists an object K together with functorial isomorphisms for every object X:
c) Duals. There exists a covariant additive functor ∨ : C → C • , satisfying:
where ω * (X) := ω(X) * . There also exists functorial isomorphisms (X ∨ ) ∨ = X and a morphism K → X ⊗ X ∨ such that via ω is the natural morphism K → ω(X) ⊗ K ω(X) * .
Definition 6.5. A Tannakian category neutralized over K is a triple (C, ω, ⊗) where (C, ω) is a neutralized K-linear category that admits a set of generators and ⊗ is a tensor product on (C, ω).
Now it is not difficult to check that the existence of a tensor product in a neutralized K-linear category C ≃ Mod A * amounts to the existence of a coproduct on the scheme of algebras A * . As a consequence:
Theorem 6.6. Let (C, ω, ⊗) be a Tannakian category neutralized over K. There exists a unique (up to isomorphism) K-scheme of cocommutative Hopf algebras A * such that (C, ω, ⊗) is equivalent to the category Mod A * .
Corollary 6.7 (Tannaka's Theorem). If (C, ω, ⊗) is a Tannakian category neutralized over K, then there exists a unique (up to isomorphism) affine K-group scheme G such that (C, ω, ⊗) is equivalent to the category of finite linear representations of G.
Proof. By the previous theorem, there exists a scheme of Hopf algebras A * such that C ≃ Mod A * . If we define the affine group scheme G := Spec A, then the statement follows from Theorem 4.3.
Functorial Cartier Duality
Definition 7.1. If G is a functor of abelian monoids, G * := Hom mon (G, R) (where we regard R as a monoid with its product) is said to be the dual monoid of G.
If G is a functor of groups, then G * = Hom grp (G, G · m ). Theorem 7.2. Assume that G is a functor of abelian monoids with a reflexive functor of functions. Then, G * = Spec (A * G ) (in particular, this equality shows that Spec A for every abelian formal monoid Spec B * .
Example 7.6 (Affine toric varieties). Let T be a set with structure of abelian (multiplicative) monoid. Let R be a field. The constant functor T = Spec T R is an abelian formal monoid. The dual functor is the abelian affine R-monoid scheme T * = Spec ⊕ T R = Spec RT . We will say that an abelian monoid T is standard if it is finitely generated, its associated group G is torsion-free and the natural morphism T → G is injective (in the literature, see [6, 6.1] , it is called affine monoid). It is easy to prove that T is standard if and only if RT = ⊕ T R is a finitely generated domain over R.
Theorem: The category of abelian monoids (resp. finitely generated monoids, standard monoids) is anti-equivalent to the category of affine semisimple abelian monoid schemes (resp. algebraic affine semisimple abelian monoids, integral algebraic affine semisimple abelian monoids).
If T is standard then G = Z n and the morphism T → G induces a morphism G n m → T * . In particular, G n m operates on T * . Furthermore, as RG is the localization of RT by the algebraically closed system T , the morphism G n m → T
* is an open injection. We will say that an integral affine algebraic variety on which the torus operates with a dense orbit is an affine toric variety. It is easy to prove that there exists a one-to-one correspondence between affine toric varieties with a fixed point whose orbit is transitive and dense, and standard monoids.
Reynolds Operator on Invariant Exact Functors of Semigroups
In this section we will assume that R is a commutative ring and G is a functor of semigroups with a reflexive functor of functions. Definition 8.1. Let M be a functor of G-modules. We define
M(S)
G := {m ∈ M(S), such that g · m = m for every g ∈ G} and we denote by M G the subfunctor of R-modules of M defined by
If M is a functor of G-modules (resp. of right G-modules), then M * is a functor of right G-modules: f * g := f (g · −), for every f ∈ M * and g ∈ G (resp. of left G-modules: g * f := f (− · g)). Assume G is a functor of groups. If M 1 and M 2 are two functors of G-modules, then Hom R (M 1 , M 2 ) is a functor of G-modules, with the natural action g * f := g · f (g −1 · −), and it holds that
Definition 8.2. G is said to be left invariant exact if for any exact sequence (in the category of functors of R-modules) of dual functors of left G-modules
More precisely, g · m = m for every g ∈ G(T ) and every morphism of R-algebras S → T . A i where A i are the coherent algebras that are quotients of A * . We can suppose that 1 = Θ : A * → R factors through A i for all i. If "taking invariants" is exact on the category of coherent G-modules, again as in the proof of Theorem 8.3, we obtain that A i = R × B i . Taking inverse limits, A * = R × B (so that the projection onto the first factor is Θ). Therefore G is invariant exact. Finally by Remark 8.13, G is linearly reductive if and only if it is invariant exact.
In the proof of Theorem 8.3 we have also proved Theorem 8.7 and 8.8. It is well known that an affine algebraic group is linearly reductive if and only if there exists an invariant integral on G (see [13] and [11] ).
Let G be invariant exact and w G the invariant integral on G. If w l is left invariant and w l (1) = 1 then
Proposition 8.11. Let G be invariant exact and let w G ∈ A * G (R) be the invariant integral on G. Let M be a dual functor of G-modules. It holds that:
M splits uniquely as a direct sum of M G and another subfunctor of Gmodules, explicitly
The morphism M → M G , m → w G · m will be called the Reynolds operator of M.
(1) One deduces that Proof. Let us consider the epimorphism of functors of G-modules (then of A *
Likewise, it can be proved that if M and N are functors of G-modules, M is a dual functor, i : M → N is an injective morphism of G-modules and r is a retract of functors R-modules of i, then w G · r is a retract of functors of G-modules of i.
Remark 8.13. We shall say that a quasi-coherent G-module M is simple if it does not contain any
′ is a direct summand of M as an R-module (this last condition is equivalent to the morphism of functors of R-modules M * → M ′ * being surjective, see the previous paragraph to [2, 1.14]). If G is an invariant exact functor of groups, M is a quasi-coherent G-module and M is a noetherian R-module, then it is easy to prove, using the previous proposition, that M is a finite direct sum of simple G-modules.
If G = Spec A * is an invariant exact formal group is easy to prove that A is a finite direct product of finite simple algebras, hence G is a finite group scheme.
Lie Algebras and Infinitesimal Formal Monoids in Characteristic Zero
Assume R is a commutative ring (many technical difficulties could be avoided if R were a field).
Let f : N → M a morphism of R-modules and f * : M * → N * the dual morphism. In the category of module schemes Kerf * = C * and Coker f * = K * , where C = Coker f and K = Ker f .
Let A * be a commutative algebra scheme. M is an A * -module if and only if M * is an A * -module, and this one is an A * -module if and only if M is an Acomodule. Given a morphism f : N → M of A-comodules Coker f is a A-comodule. Assume now that A is a flat R-module, then Ker f is an A-comodule. Hence, if f * : M * → N * is a morphism of A * -modules then Coker f * and Ker f * , in the category of R-modules schemes, are A * -modules.
Notation 9.1. In this section all algebra schemes are assumed to be commutative and A * will be a commutative algebra scheme such that A is a flat R-module. (M(B) ), "the n-th symmetric power of the B-module M(B)", which holds the universal property
Sn for every functor of R-modules N.
Observe that S n M is the quasi-coherent module associated to the R-module S n M and (S n M)
The composition I * ⊗ n · · · ⊗ I * → I * n → I * n /I * n+1 is dense and factors through S n (I * /I * 2 ). Then the morphism
is dense (that is, surjective in the category of schemes of modules).
Definition 9.2. Let A * be a commutative bialgebra scheme, e : A * → R its counit and I * = Ker e. We will say that G := Spec A * is a flat infinitesimal formal monoid if
(1) A is a flat R-module. Let us construct the inverse morphism I * n /I * n+1 → S n (I * /I * 2 ) of m: consider (g 1 , . . . , g n ) → g 1 · · · g n , which corresponds to the coproduct morphism c : A * → A * ⊗ · · ·⊗A * . For any f ∈ I * we have that
Therefore, we obtain the morphism
for every f 1 , . . . , f n ∈ I * , that defines a morphismc : I * n /I * n+1 → S n (I * /I * 2 ). Now it can be checked thatc • m : S n (I * /I * 2 ) → S n (I * /I * 2 ) is the natural morphism. is an isomorphism.
Proof. Denote L n = (I * n /I * n+1 ) * . The dual sequence of
is injective for all base changes, because L n and the symmetric powers are stable by base change. Hence the cokernel is a flat R-module, moreover it is a quotient of
Hence, the cokernel is null and L n = S n L 1 , that is, S n (I * /I * 2 ) = I * n /I * n+1 .
Remark 9.4. If R is a Q-algebra, then in the hypothesis of theorem 9.3 it is not necessary to impose that (I * n ) |S = (I * |S ) n for all base changes R → S, because it can be seen in the proof that
Definition 9.5. If A is a bialgebra, we say that an element is primitive if c(a) = a ⊗ 1 + 1 ⊗ a, where c is the coproduct of A.
It can be checked that a ∈ A is a primitive element if and only if a ∈ T e G := Der R (A * , R) = Hom R (I * /I * 2 , R) . The inclusion T e G ֒→ A is a morphism of Lie algebras that extends to a morphism of algebras U (T e G) → A, where U (T e G) is the universal algebra of T e G.
Let L be a Lie algebra. U (L) is a quotient of the tensorial algebra of L, T · L. It is easy to see, ([12, I.III. 4 .]) that S · L has a surjective morphism into the graduated algebra by the filtration of is the product of A,
Theorem 9.6. Let R be a flat Z-algebra and G = Spec A * a flat infinitesimal formal group, and write L := T e G. Then:
(1) U (L) ֒→ A is an injective morphism of bialgebras, and
Proof. From the commutative diagram (see the proof of 9.3)
it easily follows (2) . By induction on n, it is easy to see that U (L) n → A n is injective, and therefore the morphism of algebras U (L) → A is injective. Similarly, it can be proved that U (L) ⊗ Z Q = A ⊗ Z Q. Moreover, U (L) → A is a morphism of coalgebras because it maps L, that are primitive elements of U (L), into primitive elements of A and U (L) is generated algebraically by L. Finally, the module of primitive elements of A is L, so the module of primitive elements of U (L) is precisely L. that allows to prove that the morphism L →L is surjective. Let us also outline very briefly that the morphism L →L is injective, i.e., that there exists a faithful linear representation of L. If L is commutative, then S · L = U (L) and the morphism L ֒→ U (L) is injective. Let Z be the kernel of the surjection L →L (notice that [L, Z] = 0). Let G Z and GL be the formal groups associated to Z andL. It is enough to see that L ֒→ Der K (G Z × GL). To do that, it is enough to prove that there exists a section of Lie algebras w : 
* , such that dw ′ = w 2 . The section of Lie algebras that we were looking for is w = s + w ′ . If R is a flat Z-algebra and L is a flat Lie R-algebra, the diagram:
allows to deduce that S n L = U (L) n /U (L) n−1 , and, in particular, they are flat Rmodules. Now, it can be checked by induction that U (L) n is a flat R-module, and therefore U (L) is a flat R-module. LetL be the module of primitive elements of U (L).L/L ⊂ U (L)/L is a torsion-free Z-module and (L/L) ⊗ Z Q = 0, soL = L (see [12, 5.4 
]).
Notation 9.9. From now on, we will assume that R is a Q-algebra. = Hom bialg (U (T e G), U (T e G ′ )) = Hom Lie (T e G, T e G ′ )
Theorem 9.11. The category of flat infinitesimal formal groups is equivalent to the category of flat Lie algebras.
Proof. The functors giving the equivalence assign to each flat infinitesimal formal group G its tangent space at the identity T e G and to each Lie algebra L, the group Spec U(L) * .
Corollary 9.12. The category of linear representations of an infinitesimal formal group G is equivalent to the category of linear representations of its Lie algebra T e G.
Proof. The category of linear representations of the formal group G = Spec A * is equivalent to the category of A-modules, that is equivalent to the category of linear representations of the Lie algebra T e G, because A is the universal algebra associated to T e G.
Let G = Spec A be an affine K-group scheme and I e the ideal of functions that vanish at the identity element of G. Let J be the set of ideals of finite codimension of A that are included in I e and let us denote Dist(G) := lim → I∈J (A/I) * .
Corollary 9.13. Let R = K be a field of characteristic zero and G = Spec A an affine R-group scheme. There exists a canonical isomorphism of bialgebras:
U (T e G) = Dist G Therefore, U (T e G) * =Â and the infinitesimal formal group associated to T e G iŝ G. (See [7, III.6 .1], where G is algebraic).
Corollary 9.14. If G = Spec A is a flat commutative unipotent R-group, then it is isomorphic to V * , where V = T e G * .
Proof. G is a commutative unipotent R-group if and only if G * is a commutative infinitesimal formal group. By Theorem 9.6, G * = Spec (U (T e G * )) * . As T e G * ⊂ A is a trivial Lie algebra, G = Spec U (T e G * ) = Spec S · T e G * = V * .
